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Abstract 

We construct N = 2 affine current algebras for the superalgebras sl{n\n — l)*^^-* in terms 
of = 2 supercurrents subjected to nonlinear constraints and discuss the general procedure 
of the hamiltonian reduction in A^ = 2 superspace at the classical level. We consider in detail 
the simplest case of A^ = 2 s/(2|l)(^) and show how N = 2 superconformal algebra in A^ = 2 
superspace follows via the hamiltonian reduction. Applying the hamiltonian reduction to 
the case of A^ = 2 s/(3|2)(^), we find two new extended N = 2 superconformal algebras 
in a manifestly supersymmetric N = 2 superfield form. Decoupling of four component 
currents of dimension 1/2 in them yields, respectively, m(2|1) and u{3) Knizhnik-Bershadsky 

superconformal algebras. We also discuss how the N = 2 superfield formulations of A^ = 2 

(2) 

Ws and N = 2 superconformal algebras come out in this framework, as well as some 
unusual extended N = 2 superconformal algebras containing constrained N = 2 stress tensor 
and/or spin supercurrents. 
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1 Introduction 



For several last years an important progress has been achieved in understanding the role 
of world-sheet superconformal symmetry and target space symmetry of nonlinear cr-models 
in the context of string theory and topological field theory fl], H, H- The BRST structure 
of bosonic string ( Wn string ) generates a topologically twisted N = 2 superconformal 
algebra 0] (A^ = 2 super- VF„ algebra |^ )• In obtaining these results, a heavy use of 
the hamiltonian reduction from WZNW models based on the superalgebra sl{n\n — 1) has 
been made. Futhermore, any superstring theory possesses = 3 twisted supersymmetry 

Recently, BRST structure has been systematically constructed for superstrings with 
super symmetries by the hamiltonian reduction of affine extension of osp{N + 2\2) N = 2 
analog for topological strings is the twisted = 4 su{2) superconformal algebra (SCA) 
which has been obtained by the reduction of affine extension of s/(2|2) in 0]. 

As these and many other examples demonstrate, the hamiltonian reduction is a powerful 
method of deducing new conformal |10|, |lT] and superconformal algebras and analysing the 
symmetry structure of the conformal field theory and string theory models. Since a natural 
arena for studying various superconformal symmetries and the related field theory models is 
provided by superspace, it is tempting to have convenient superspace generalizations of the 
hamiltonian reduction. A^ = 1 superspace version of this procedure in various aspects was 
discussed in Ref. On the other hand, a lot of interesting models (both in string theory 
and topological field theory) reveal N = 2 superconformal symmetries, manifestly covariant 
formulations of which require N = 2 superspace. Motivated by this, in the present paper we 
generalize the hamiltonian reduction procedure to A^ = 2 superspace. 

Let us recollect some well-known facts which are relevant to the problems we address in 
the present paper. 

Knizhnik and Bershadsky have proposed SCAs with quadratic nonlinearity hav- 
ing as subalgebras u{n) and so{n) affine algebras. It has been shown later that the 
nonlinear so(3) and so(4) Knizhnik-Bershadsky (KB) SCAs can be embedded as subalge- 
bras in usual linear so(3) and so(4) extended SCAs ||16| after passing to some new basis for 
the currents of the latter (related to the standard one by an invertible nonlinear transforma- 
tion). By construction, the usual N = 2 and A^ = 4 5^(2) SCAs |]T6| are the same as u{l) 
and ^(2) KB SCAs, respectively. 

Polyakov has found that there exist two types of classical hamiltonian reductions for 

/OA 

sl{3): one yields W3 algebra while the other leads to which is a m(1) "quasi" SCA in 
the sense that dimension 3/2 fields are bosonic ("wrong" statistics) and, besides, it reveals 
a quadratic nonlinearity in the u{l) current in its operator product expansions (OPEs). 
Bershadsky |jl8[ has further explained its structure in detail. In Ref.||19|| new infinite families 
of nonlinear extended conformal algebras, u{n) and sp{2n) quasi SCAs, have been found. 



Independently it has been shown ITT], |20[ that u{n) quasi SCAs can be constructed by the 

hamiltonian reductions of affine algebras sl{n)^^\ based on non-principal embeddings of sl{2) 

(2) (2) 
into sl{n). A N = 2 supersymmetric extension of containing both W3 and N = 2 SCA 

as genuine subalgebras have been constructed in pT| , ^ by means of hamiltonian reduction 

of the affine s/(3|2)*^^) (at the level of component currents). Recently, a formulation of this 

extended SCA in terms of constrained N = 2 superfields has been presented |2^ . 

It was demonstrated in p4|, ^ that new SCAs with quadratic nonlinearity, so-called 
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^2 X graded SCAs, can be obtained by combining both fermionic and bosonic spin-3/2 
currents in the same os'p{m\'2n) or u(m\n) supermultiplet. The uin) KB SCAs and the 
algebra W\ can be identified with Z2 x Z2 graded SCAs associated with the superalgebras 
u(n|0)and m(0|1), respectively!. 

By applying the classical hamitonian reductuion to affine Lie superalgebra sl{n\if^^ and 
putting the constraint on the currents valued in its bosonic sZ(2) part, in the classical 



u{n) KB SCAs has been recovered in a new setting. In this analysis was promoted to 



iV = 1 superspace and a = 1 extension of uiri) KB SCAs has been constructed (at the 
classical level). However, an attempt to incorporate N = 2 supersymmetry has failed. As we 
will show, this happened just because nonlinear constraints on A^ = 2 affine supercurrents 
have not been involved into the game. 

As was already said, the aim of this paper is to develop the hamiltonian reduction at the 
classical level directly in A^ = 2 superspace. In short, its main steps are: (i) construction 
of A^ = 2 affine current algebra for some superalgebra admitting a complex structure (we 
limit our consideration here to the superalgebras sl{n\n — 1)); (ii) imposing appropriate 
constraints on the relevant superalgebra valued N = 2 supercurrents; (iii) deducing N = 2 
extended superconformal algebras in A^ = 2 superfield formalism. We would like to specially 
emphasize that we are always dealing with N = 2 superfield approach in our scheme. To our 
knowledge, this was not done before. Another point to be mentioned is that our construction 
here is purely algebraic and does not resort to any specific field theory realization of A^ = 2 
affine current superalgebras, e.g. to their WZNW realizations. This is the difference from, 
e.g., Ref. |jl2[ where A^ = 1 superspace version of the hamiltonian reduction was discussed in 
the WZNW context. Also, we will be mainly interested in such extended N = 2 SCAs which 
include as subalgebra the standard linear N = 2 SCA, i.e., contain N = 2 superconformal 
stress tensor among their defining supercurrents. 

The paper is organized as follows. In Section 2 we construct N = 2 sl{n\n — 1)^^^ current 
algebra in terms of A^ = 2 supercurrents subjected to nonlinear constraints. In Section 3 
we describe the general procedure of the hamiltonian reduction in A^ = 2 superspace and in 
Section 4 we exemplify it by the simplest case of AT = 2 s/(2|l)(^) which gives rise to the 

standard N = 2 SCA. In Section 5 we consider the case of AT = 2 s/(3|2)(i). We reproduce 

(2) 

the previously known N = 2 and N = 2 SCAs in A^ = 2 superfield formulation and 
find two new N = 2 extended SCAs. We explain how the factorization of the dimension 1/2 
component currents in these superalgebras works. And finally in Section 6 we end with a 
few closing remarks. In Appendices, we give notations for sl{n\n — 1) superalgebras, u{m\n) 
SCA and different realization of sl{n\n — 1). 



2 N = 2 Current Algebra for sl{n\n — 1)^^^ 

In Hull and Spence have constructed N = 2 current algebra for bosonic algebra g 
in terms of A^ = 2 superfield currents satisfying nonlinear constraints. The only essential 
restriction on g is that it is even- dimensional and admits a complex structure. The quadratic 
terms appearing in the r.h.s. of superoperator product expansions (SOPEs) between the 
supercurrents are necessary for the consistency between these SOPEs and aforementioned 

§There exist other conventions for these superalgebras, see, e.g., Ref. psf. 
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nonlinear constraints. The nonlinearity of = 2 current algebra while it is written in terms 
of = 2 supercurrents is the price for manifest N = 2 supersymmetry. When formulated 
via ordinary currents or = 1 supercurrents, the algebra can be put in a linear form (in an 
appropriate basis). 

If g is an ordinary bosonic algebra, all the N = 2 affine supercurrents are fermionic 
and we cannot put them to be constants. On the other hand, this kind of constraints 
imposed on bosonic (super) currents is of common use in the standard hamiltonian reduction 
scheme. We are going to generalize the latter to = 2 superspace, expecting such a 
generalization to allow us to deduce extended N = 2 SCAs (both previously known and 
new) in a manifestly supersymmetric N = 2 superfield fashion. To be able to impose the 
aforementioned constraints on the affine supercurrents, we need to have bosonic ones among 
them. A natural way to achieve this is to deal with N = 2 affine extensions of superalgebras. 
So we are led to generahze the approach of Ref. [2^ to the superalgebras admitting a complex 
structure. In this paper we confine our consideration to the superalgebras sl{n\n — 1). 

Let g he a classical simple Lie superalgebra g = go Q) gi, where go is the bosonic sub- 
algebra and gi is the fermionic subspace, with the generators satisfying graded com- 
mutation relations [tA,^^} = FAs'^tc- Let us introduce new structure constants, Jab^ = 
{^—\Y'^A+i)dBp^^c^ where for Ia G G 0, 1 we used the grading = a -|- 1. Therefore, 
Iab^^ are antisymmetric in the indices A,B when A,B correspond to bosonic generators and 
symmetric otherwise. It is convenient to choose a complex basis for g, so that its generators 
are labelled by a and a, a = 1, 2, . . ., ^ dim g = |((2n — 1)^ — 1) • In this basis the complex 
structure associated with the second supersymmetry has eigenvalue +i on the generators ta 
and —i on the conjugated ones ta{= tl). The Killing metric g^j, is given by Str(tati), g^i 
being symmetric for the indices related to bosonic generators and antisymmetric otherwise. 
Any index can be raised and lowered with g""^ and g^i- 

The affine superalgebra g = sl{n\n — l)^^^ we deal with in this paper has the equal number 
2n{n — 1) of fermionic and bosonic supercurrents. For example, in the fermionic g valued 
supercurrent in the fundamental representation J' = Ja^bQ^^ , top-left n x n and bottom- 
right (n — 1) X (n — 1) matrix elements are fermionic, so that da, da = 1. Then the bosonic 
supercurrents are entries of the top-right n x [n — 1) and bottom-left {n — 1) x n blocks in 
the supercurrent matrix, so for them da, da = 2. In the scheme of hamiltonian reduction 
which will be explained in the next Section we impose non-zero constraints just on these 
supercurrents. 

We refer the reader to Ref. for details of how the N = 2 current algebra can be 
formulated in A^ = 2 superspace. The only new thing to be kept in mind in our case is 
that now there are extra bosonic supercurrents besides the fermionic ones. The presence of 
supercurrents with different statistics will play an important role in our construction. This 
property will manifest itself in the appearance of some extra (—1) factors in the r.h.s. of 
SOPEs defining the N = 2 affine superalgebra. 

With all these remarks taken into account, we summarize the N = 2 affine current algebra 
corresponding to sl{n\n — 1)'^^^ with the level k as the following set of SOPEs between N = 2 
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superfield currents satisfying the appropriate nonlinear constraints 0: 

Zl2 Zi2 K 

, , , , ^12^12!, , 1 , , ^^"2 r c rr ^12 X c .T 

Ja{Zi)Jl{Z2) = —7;k9a-b + —k9a-b + —fabJc fabJc 

Z\2 ^ Z\2 Z\2 Z\2 

Z\2 V K 

where 



(2.1) 



012 = ei- 02, 012 = h- 02, Zi2 = Zi-Z2 + ^{0102 + W (2.2) 

and the constraints on the supercurrents read 

vja-^{-iy'^fa'"'jbJc = o, vj^ + ^{-iy'h''jij-c = o (2.3) 

2k 2k 

(the summation is assumed over repeated indices). Here, we work with complex fermionic 
covariant derivatives 

00 2 ' 80 2 

satisfying the algebra 

{V,V} = -d{=-d,), (2.4) 

all other anticommutators are vanishing. If we restrict the indices in ( |2.1| ) and ( |2.3| ) to the 
fermionic supercurrents we reproduce the N = 2 sl{n)^^^ © sl{n — 1)^^^ © u{l)^^^ affine cur- 
rent algebra [^. We have checked that the whole N = 2 current superalgebra ( |2.1| ) with 
the nonlinear constraints (|2.3|) satisfies the standard Z2 graded Jacobi identities and that 
SOPEs of the l.h.s. of ( ^.3[ ) with any affine supercurrent vanish on the shell of constraints 
(the presence of nonlinear terms in the r.h.s. of ( p.l| ) is crucial for this). When we consider 
this superalgebra at the quantum level (to all orders in contractions between the supercur- 
rents), then there appears an extra term, ^{—iy°'^^fac'^fb^'^ in ^^^p^ in the r.h.s. of SOPE 
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J'a{Zi)Ji{Z2). This is due to the fact that there exist additional contractions between the 
supercurrents at the quantum level. In the remainder of this paper we will deal with the 
classical relations (|2.1|) and ( p.3|) . 

Generalizing the well-known Sugawara construction to iV = 2 superspace yields the 
following formula for the improved N = 2 stress tensor in terms of the affine supercurrents 

%ug = ^g^'JaJb + ai^i + a-jVn-j. (2.5) 



^By Z we denote the coordinates of ID N ^ 2 superspace, Z = (z, 9, 9). From now on we do not write 
down explicitly the regular parts of SOPEs. All the supercurrents (currents) appearing in the r.h.s. of 
SOPEs (OPEs) are evaluated at the point Z2 (22)- 
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We denote by Hj, Tii {i 
of sl{n\n — 1). The = 



= 1, 2, 77, — 1) the supercurrents associated with Cartan generators 
2 super stress tensor satisfies the following SOPE 



Tsug{Zl)Tsug{Z2) — — — h 



^2 



— 2 ^ H ^ H 

Z\2 Zi2 Zi2 



z 



sug 



(2.6) 



with 



c = —2k aiajg, 



(2.7) 



With respect to this Tg^g, the supercurrents Hi, Tti are quasi superprimary superfields of the 
dimension 1/2 with u{l) charge +1, —1, respectively. All other affine N = 2 supercurrents 
are superprimary 



%!ug{Zi)J'a(a){Z2] 



^12^12 ^12~ ^12~ 

^12 Zi2 Z\2 



Sa{a) 2 
^12 



-212 



Jc 



a{a) • 



(2.8) 



Their dimensions (superspins) Sa{a) and u(l) charges depend in a certain way on the 
parameters aj. The explicit formulas for them will be given later, for each specific example 
we will consider. 

Our last remark in this Section is that for the superalgebra sl{n\n — 1) (and seemingly 
for other superalgebras admitting a complex structure) the above N = 2 extension actually 
coincides with the N = 1 extension given in [|I^ In other words, the latter possesses 
a hidden N = 2 supersymmetry which becomes manifest in terms of constrained N = 2 
supercurrents. Indeed, due to the fact that the generators of sl{n\n — 1) can be divided 
into the pairs of mutually conjugated ones, the relevant = 1 supercurrent for each pair is 
complex and its component content (two real spins | and two real spins 1) is such that these 
components can be combined into a A^ = 2 supermultiplet i. To explicitly demonstrate this, 
let us solve the constraints (|2.3|) via unconstrained A^ = 1 supercurrents J^, Ja 



Ja = Ja + 0^ 

Ja = Ja — 6^ 



K 

k 



(2.9) 



Here the A^ 



D 



1 supercurrents are defined on a real A^ 



1 superspace Z = (-2,6*^), 6*^ 



1 covariant fermionic derivative and 9^ = -^i 



■ 9) is an 

extra fermionic coordinate. The SOPEs between the A^ = 1 sl{n\n — l)^^'> affine supercurrents 
Ja{.Z) [T^, |3^ are given by 



Ja{Z{)Jb{Z2) 



1 

Z{2 



9l2 



(2.10) 



where 



9i2 = 9 



9l, Z12 



ZI-Z2- 9i9i. 



(2.11) 



II Similar arguments for the case of bosonic algebra g were given in |31[ 
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In a complex basis, the indices A,B,--- can be divided into the two sets of the barred and 
unbarred indices, thus demonstrating that the number of = 1 supercurrents in the present 
case coincides with the number of iV = 2 ones (of course, these complex N = 1 supercurrents 
are reducible, each containing two real = 1 supermultiplets). The superalgebra ( |2.1(J| ) is 
equivalent to the superalgebra ( |2.1| ) supplemented with the nonlinear constraints ( p.3| ). The 
= 1 superfield formulation clearly demonstrates that the nonlinearities in the r.h.s. of eqs. 
( p. ID are fake: they appear as the price for manifest N = 2 supersymmetry. In what follows 
the = 1 formulation will be a useful guide of how to impose constraints on the relevant 
N = 2 supercurrents corresponding to different embeddings of sl{2\l) into sl{n\n — 1) and 
to extract those preserving N = 2 supersymmetry from their general set. 

In the next Sections, we will discuss different hamiltonian reductions of the N = 2 
sl{n\n — lY^^ current algerbra in A^ = 2 superspace for the particular cases of n = 2,3. 
But before we will sketch the basic peculiarities of the N = 2 superspace version of the 
hamiltonian reduction procedure. 



3 Hamiltonian Reduction 

To illustrate the basic idea of different reductions, we start by considering how we can obtain 
extended N = 2 SCAs by imposing reduction constraints on the N = 2 affine supercurrents 
which we defined in Section 2. 

From now on we will deal with the matrix elements J7mn of the sl{n\n — 1) valued affine 
N = 2 supercurrent (with the sl{n\n — 1) generators in the fundamental representation) 
rather than with its ajoint representation components labelled by indices a, a. The explicit 
relation between them is given by 



/ Hi 



\ 



7^2 "I" '^1 



unbarred 
indices 



Ti-j + Til 



barred 
indices 



V 



(3.1) 



Ti;^ + Hn-l J 



(see also Appendices A and B). 

We will consider only linear reduction constraints like in P, |10], |lT|. Then we are led to 
equate some of J'mn (we denote the corresponding subset of indices by the symbol "hat" ) to 
constants 



0. 



(3.2) 



The entries of the constant supermatrix Cmh can be either 0, which is possible both for 
bosonic and fermionic supercurrents, or 1, which is admissible only for bosonic supercurrents. 
In order to produce N = 2 supersymmetric algebras these constraints should be invariant 
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with respect to = 2 superconformal transformations generated by improved N = 2 stress 
tensor ( ^.51 ), which means that the constrained supercurrents with nonzero Cmh should have 
zero spin and charge. 

In Ref. W superalgebras which can be obtained by the reductions associated with 
different embeddings of osp{l\2) into sl{n\n — 1) have been classified in = 1 superspace. 
Once we know the constraints in = 1 superspace, the relation (p.9|) gives us constraints in 
N = 2 superspace. Some of the constraints in = 1 superspace, being rewritten in A^ = 2 
superspace, explicitly break N = 2 supersymmetry. Meanwhile, we wish to deal with only 
those reductions which preserve N = 2 supersymmetry, because our eventual aim is to get 
extended SCAs containing N = 2 SCA as a subalgebra. Only a subset of constraints in 
A^ = 1 superspace preserves N = 2 supersymmetry, namely those which after substitution 
into (|2.9|) produce no explicit ^'s in the r.h.s., i.e. lead to the N = 2 constraints in the form 
i W^ - Thus, we can choose the approriate subset of constraints in A^ = 1 superspace and 
then extract the constraints in A^ = 2 superspace from (|2.9| ). 

Then the first-class constraints, i.e. those which commute among themselves on the 
constraints shell, generate a gauge invariance. An infinitesimal gauge transformation of J'ki 
induced by $mn with a gauge parameter Arhh can easily be calculated 

SAJkliZ2) = ^ / dZ2A^niZ^) {^rr.n{Zl)Jkl{Z2)) |{$^,=0}, (3.3) 

where the symbol |{$^ft=o} nieans that after computing the SOPEs we should pass on the 
constraints shell by imposing the constraints ( |3.2|) on the resulting expression and the gauge 
parameters Kmh are general N = 2 superfields which do not depend on J'm. It is clear 
that the variation of the l.h.s. of ( p.3| ) vanishes identically because the SOPEs of ( p.3| ) with 
any J'^i, and, in particular, with ^rhh are zero on the shell of (|2.3| ) (see discussion in the 
paragraph below (^.41) ). 

By definition, an extended N = 2 SCA constructed by the hamiltonian reduction based on 
the constraints ( ^.2[ ) is a superalgebra generated by gauge invariant differential - polynomial 
functionals of affine supercurrents J7fc/, including some N = 2 stress tensor. It is possible to 
find these superalgebras by using Dirac construction. Let us remind its main steps. 

At first, we should fix the gauge, which means that we are led to enlarge the original set 
of first-class constraints by adding the gauge-fixing conditions (standard gauge-fixing proce- 
dure), such that the total set of constraints becomes second-class. We denote this extended 
set of constraints by "^mh- The number of constraints is exactly twice the number 
of $mn- For the remaining unconstrained supercurrents we will use in this Section Greek 
indices, a, ■ ■ ■. Clearly, once a gauge freedom with respect to the A transformations has 
been somehow fixed, the surviving supercurrents JTq/j are expressed as some gauge invariant 
differential functionals of the original affine supercurrents. 

Secondly, we should construct Dirac brackets between these gauge invariant supercur- 
rents. We generalize this procedure to the N = 2 supersymmetric case and represent Dirac 
brackets in an equivalent form of SOPEs. The new rules for calculation of SOPEs of the 
gauge invariant supercurrents which we denote by brackets with star, (j7q,/3(2'i)j7'^o-(2'2))*, 
can be defined in terms of original SOPEs of the affine supercurrents as follows 
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=0} 



|{*An=0} 



, (3.4) 



where Jap are functionals of the original supercurrents Jki (including both unconstrained J^p 
and constrained Jmh supercurrents) which satisfy the following restrictions on the constraints 
shell 

X/3|{*^ft=0} = Ja(3 (3.5) 

and are arbitrary otherwise, the supermatrix A'^^'^^Zi, Z2) is the inverse of the supermatrix 

Aj3- ^K^i, Z2) = (%.(Z0v&^K^2)) |{*,,=o} (3.6) 



I.e. 



d Z2A^~^'^%Z„ Z2)/\u,m{Z2, Z,) = 6i6ie^,e^,6{z, - z,) . (3.7) 

Any gauge invariant supercurrent can be represented as some functional of Jap and SOPEs 
between these functionals can be calculated using SOPEs ( p.4|) between J^p- 

It is a very complicated technical problem to calculate the inverse supermatrix A*-''^'(Zi, Z2) 
in the general case. To get round this difficulty, we use the following trick. By looking at 
(p.4|), one can observe that for J^p satisfying 

(j:p{Z,)^^^{Z2)) |{*^,=o} = (3.8) 



the second term in the r.h.s. of ( p.4|) is vanishing. We are at freedom to choose J^p to 
satisfy eg. ( ^.8] ) as these functionals are a priori arbitrary up to the condition ( p. 5] ) which 
is obviously consistent with ( p.8|) . Then the SOPEs with star between the gauge invariant 
supercurrents coincide with ordinary SOPEs between Jap on the constraints shell and so 
can be calculated using SOPEs ( |2.1| ) for the original affine supercurrents 



{Jap{Zi)J^„{Z2)y = [Jap{Zl)J.,a{Z2)j \{'i'^f,=0}- (3.9) 

In this way, the task of constructing N = 2 extended superalgebras reduces to that of 
constructing the functionals J'ap satisfying the restrictions (|3.5| ), ( p.8|) . 

Now let us discuss the general structure of such functionals. It is evident that only 
those of them which are linear in the total set of constraints "^mh can actually contribute to 
( ^.91 ), because the SOPEs including any higher order monomial of \E'mn are proportional to 
\E'mn and so obviously vanish on the constraints shell {"^mn = 0}. The coefficients in these 
linear functionals can in general be nonlinear functionals of the remaining unconstrained 
supercurrents J'ap. 

Keeping this in mind, from now on we consider as a starting expression for J'ap lin- 
ear functionals of constraints "^mh (and derivatives of the latter) with nonlinear in general 



8 



coefficient-functions of Jafs- Taking for these coefficients the most general ansatz in terms of 
Jafi with arbitrary constant coefficients, such that it preserves superspins and u{l) charges 
with respect to the improved N = 2 stress tensor (p.5D, and substituting it into eqs. (|3.5|) , 
(^.81), one obtains the solution which proves to be unique up to some unessential coefficients 
which do not contribute to (p.9|). 

In the next Section we will illustrate the formalism described above by the simplest 
example of hamiltonian reduction of the N = 2 s/(2|l)*^^^ superalgebra. 

4 Example: N = 2 s/(2|l)^^) AfRne Superalgebra 

Let us apply the general procedure developed in the previous Section to the superalgebra 
N = 2 s/(2|l)(i). We will naturally come to the N = 2 superspace formulation of standard 
= 2 SCA in this way. 

In Appendix A, for completeness we give the explicit form of generators, structure con- 
stants and Killing metric for s/(2|l) superalgebra in the complex basis described in Section 2, 
as well as the relations between affine supercurrents J^a, Ja in this basis and matrix elements 
Jran iutroduced in Section 3. Substituting these formulas into (|2.1|), ( |2.3|) and ( p.5|) one can 
obtain explicit expressions for the defining SOPEs of A^ = 2 affine extension of s/(2|l), for 
nonlinear constraints the relevant supercurrents satisfy, as well as for the improved Sugawara 
N = 2 stress tensor. The last one has the following form 

%ug = I {J12J21 - HiHi - J31 - ^^23^32) + diVHi + aiDHi, (4.1) 

where two parameters, ai and aj, give rise to a splitting of supercurrents into the grades 
with positive, zero and negative dimensions and charges (see Table 1). Actually, this 
splitting is due to the existence of two grading operators: (a;it2 + cn^2)/2 and 01^2 — ai^S; 
ti^ti being Cartan generators of s/(2|l) in the coadjoint representation. The eigenvalues of 
the former are exactly ( "dimension"- 1/2) in the Table 1 and those of the latter are ("'u(l) 
charge" ±1) where -|-1 is for barred supercurrents and —1 for unbarred ones. 



Table 1 


scs 


dim 


^(1) 




1/2 


1 


n( 


1/2 


-1 


rrF 
^\2 


(1 + ai -ai)/2 


(1 + ai + ai) 


rrF 
•J2I 


(1 -ai + ai)/2 


(—1 — ai — ai) 


rrB 


(l + «i)/2 


(1 + ai) 


rrB 
•-^31 


(l-ai)/2 


(-1-ai) 


rrB 
<-^23 


(l + ai)/2 


(l-tti) 


rrB 
<-^32 


(l-«i)/2 


(-l + ai) 



In this and all subsequent Tables we use the following abbreviations: "scs" for supercurrents, 
"dim" for superconformal dimensions and "■u(l)" for u{l) charges. 
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We also give the explicit form of the nonlinear constraints ( |2.3| ) 



vi-Li = 0, vn-i = 0, 

V + rHi) Ju = 0, (v- \ni ) J21 = 0, 



k^J^'^ ' V k 
VJi^ - ^Ji2J2^ = 0, (v- ^Hi^ J31 - ^ J21 J32 = 0, 

V - ^Hi^ J23 = 0, = 0. (4.2) 

Now we are ready to consider a hamiltonian reduction of = 2 s/(2|l)*^^) which produces 
N = 2 SCA. To this end, we should first learn at which values of parameters ai and ai at 
least one of the bosonic supercurrents could have the spin and charge characteristic of 
the N = 2 stress tensor, i.e. 1, 0, respectively. It turns out possible with the following choice 

«! = —1, «! = 1. (4.3) 

In this case, besides the fermionic supercurrents Tii^Tii with the spin and u{\) charge 1/2 
and ±1, N = 2 5/(211)*^^^ superalgebra contains bosonic spin {Jiz, Jz-i) and spin 1 (jTsi, 1/23) 
ones with zero m(1) charges, as well as the fermionic doublet Jvi-,Jtl with spins —1/2,3/2 
and m(1) charges 1, —1, respectively. 

Secondly, we should put first-class constraints on some supercurrents at which at least 
one of two spin 1 supercurrents ( jTai or J^'i ) is unconstrained in order to be able to identify 
it with N = 2 unconstrained stress tensor. At first sight, it seems impossible to achieve this 
because from the beginning all the supercurrents are constrained by the conditions ( [4.2| ). 
Nevertheless, it can be done. Let us briefiy explain the basic idea of how unconstrained 
N = 2 superfields can come out in this way. 



By looking at the constraints ( [4.2|) , one sees that they are quadratically nonlinear and 
their number precisely matches with that of supercurrrents. Moreover, in every constraint 
there is only one linear term with spinor covariant derivative on some supercurrent, and 
different constraints contain different linear terms, so they are in one-to-one correspondence 
with the consistent set of standard chiral and anti-chiral conditions. The last ones reduce 
the number of independent superfield components by the factor two. The same is evidently 
true for a nonlinear generalization of these constraints ( [4.2| ): the only new point is that 
the components which were forced to be zero in the case of chiral constraints become some 
functions of the remaining independent ones in the case of ( [4.2|) . However, an important 
difference of the latter from the linear constraints is the following. If we replace some bosonic 
supercurrents in ([4.2| ) by nonzero constants, then in some constraints the nonlinear terms can 
produce a linear one without a spinor derivative on it. So, this constraint becomes algebraic 
with respect to the supercurrent entering it linearly and can be solved for the latter. Thus 
this supercurrent turns out to be eventually expressed in terms of other ones and their spinor 
covariant derivatives. Now among the remaining independent supercurrents one can find, in 
a number of cases, unconstrained N = 2 superfields. This is just what comes about in the 
case at hand. An analogous resume could be drawn from the analysis of solutions of A^ = 2 
constraints (^.2|) in terms of unconstrained A^ = 1 superfields 
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Keeping in mind the above remark, we choose first-class constraints as follows 

/ * 1 

* * * 

y * 1 * 
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constr 



(4.4) 



They clearly preserve N = 2 superconformal symmetry generated by Tgug ( |4.1| ), ( [4.3| ). This 
set of constraints is also consistent with eqs. (^3). Indeed, by substituting into {^^ ) 
we find that those constraints from ( ^.2| ) which include spinor derivative of the supercurrents 
Jvi-,Jz2 and J7i2 are satisfied identically while the constraint containing spinor derivative of 
jTsi current becomes algebraic and expresses J^x in terms of jTsi 

J2x = 'k{v-\n^J^^. (4.5) 



k 

The remaining constraints from the set ( ^.2| ) preserve their form on the constraints shell 
( [4.4|) . Thus on the shell of constraints ( |4.4]) there arise no any restrictions on the spin 1, 
u{\) charge bosonic supercurrent jTsi, so the latter is an unconstrained N = 2 superfield 
and, as we will see soon, proves to be directly related to the N = 2 superconformal stress 
tensor. 

Let us note that the constraints ( |4.4| ) actually amount to the set of constraints imposed 
in [|12| in = 1 superspace. This latter set can be shown to produce the above constraints 
without breaking N = 2 supersymmetry through the explicit relation ( p.9| ) between = 1 
and N = 2 supercurrents. 



Constraints (|4.4]) can easily be checked to have zero mutual SOPEs on their shell, so they 



are first-class and give rise to a gauge invariance which can be used to gauge away three more 
entries in the supermatrix ( ^.41 ). Indeed, with respect to infinitesimal gauge transformations 
( p.3|) generated by constraints ( [4.4|) with the gauge parameters A12, A13 and A32 the currents 
j723,7Yi and Tij are transformed inhomogeneously 



k 

6A,,niiZ2) = PA32. (4.6) 



One can explicitly check that these gauge transformations preserve the constraints (|4.2| ). As 
a result, we can consistently fix the gauge a£3 

J23 = o, ni = o, ni = o. (4.7) 



It is easy to check that the total set of constraints, i.e. constraints ( ^^ ) and gauge fixing 
conditions (|4.7| ), is second-class. Substituting the gauge fixing conditions ( [4.7|) and the 
expression ( [4.5| ) into supermatrix (O) we obtain the expression for N = 2 supercurrents 



J'mn in the highest weight ( or Drinfeld-Sokolov ) gauge 

/ 1 



tDS 
' mn 



kVJ^^ I . (4. 
V J31 10 



**In this gauge there remains a residual gauge freedom with chiral A12 and anti-chiral A13, A32. However, 
the final expression for N = 2 stress tensor turns out to be invariant under this residual freedom. 
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So the superalgebra which is produced from N = 2 s/(2|l)*^^) by hamiltonian reduction associ- 
ated with the constraints ( ^.41 ) is generated by only one gauge invariant bosonic supercurrent 
iJsi which coincides with J^si on the shell of total set of constraints (see ( |3.5| )). 

Our next task is to find jTsi from the conditions (^.51), (|3.8|). This can be easily done 
by making use of the general procedure described in Section 3. As a result we obtain the 
following expression for jTai up to unessential terms 

J31 = {-J12J21 + J13J31 + J23) + kVHi - kVHi + k'"DJ[^ + k^J[^ - (4.9) 



Substituting this expression into ( p.9|) , we get the SOPE of superalgebra we are looking for. 
This SOPE coincides with SOPE of = 2 SCA (|2.(j|) with central charge —Ik after rescaling 



J31 ^ -kj^i- (4.10) 

Before closing this Section, we briefly mention that there exists another choice for the 
gauge fixing, so called diagonal gauge 0. Namely, 

:^23=0, ^^21 = 0, J31=0. (4.11) 

Repeating all the steps we have passed before, one can obtain the following form for N = 2 
supercurrents Jmn in this case 

( Hi 1 
J-^r =\ n^ I , (4.12) 



\ I Hi + Hi 



where Tii^Tii are chiral and anti-chiral N = 2 fermionic superfields which form the N = 2 
u{l) affine superalgebra 

ni{Zi)n,{z,) = ^-^\-^k. (4.13) 

^12 ^ ^12 



Two different gauge choices (^l8|), (|4.12|) are connected to each other by some gauge 



transformation. If we would know this gauge transformation, then we could obtain the 
standard Miura free field realization of A^ = 2 SCA in terms of chiral and anti-chiral fermionic 
superfields. However, in our simple case it is of no need to know this gauge transformation 



for deducing Miura realization, if we observe that the total set of constraints ( |4.4| ), ( |4.11 



for the diagonal gauge on the constraint shell is invariant under transformations generated 



by the N = 2 stress tensor Tgug ( [4.1| ), ( |4.3| ). This means that Tsug is gauge invariant and on 



the constraints shell has the following form 

%ug = -I'HiHi - VHi + VHi (4.14) 

which coincides with the standard Miura free field form of the N = 2 stress tensor. 

In the next Section we will discuss various reductions of A^ = 2 sZ(3|2)(^) and deduce 
some new superfield extended N = 2 SCAs in this way. 
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5 Hamiltonian Reductions of iV = 2 s/(3|2)^^) Affine Su- 
peralgebra 

The reductions of iV = 2 s/(3|2)'^^^ we will consider in this Section give rise to four new types 
of extensions of iV = 2 SCA. The first one is rather unusual in the sense that the N = 2 stress 
tensor is a constrained supercurrent. The second possesses an unconstrained stress tensor, 
but contains spin super currents, such that it turns out impossible to decouple dimension 
component currents. We will concentrate on the third and fourth cases corresponding to 
N = 2 u{2\l) and N = 2 u{3) SCAs, respectively, because these are "canonical" in the sense 
that the relevant N = 2 stress tensor is unconstrained and there are no spin super currents. 
We will also illustrate how the known N = 2 W3 ^ and N = 2 |2|| SCAs reappear 



in the hamiltonian reduction approach in = 2 superspace. 

It is rather straightforward to find the structure constants and Killing metric in the 
complex basis for s/(3|2), so we do not write down them explicitly (see Appendix B). From 
the general expression for the improved Sugawara N = 2 stress tensor (|2.5| ) we obtain it for 
N = 2 sZ(3|2)^^'' in the following form 

1 

—JvoJhX — 1/241/42 — 1/25^/52 — Jz^J\Z — Jz'oJ'oZ — JibJbi — 'H2'Hl) 

+ai'DHi + aiVHi + a2Vn2 + a-2Vn2, (5.1) 

where four parameters, ai,ai,a2,«2 split the supercurrents into the grades with positive, 
zero and negative dimensions and u{l) charges (see Table 2). 

Let us stress that the nonlinear constraints ( |2.3| ) for the case of s/(3|2) can be easily read 
off using the structure constants of this superalgebra. They will play the important role in all 
the calculations in the remainder of this paper. Our main aim in this Section will be to find 
extended N = 2 SCAs which contain at least one bosonic unconstrained supercurrent with 
dimension 1 and vanishing u{l) charge by applying the general procedure of the hamiltonian 
reduction to A^ = 2 sl{3\2Y^^ affine superalgebra. 

In the next Subsections, we will present only the basic results and make some comments 
without detailed explanations, because most of technical points are a direct generalization 
of those expounded in Section 4 on the simpler example of A^ = 2 s/(2|l)*^^'*. 
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Table 2 


scs 


dim 


n(l) 


Hi 


1 /9 

i/2 


1 

— i 


n/F 


1 /9 

i/2 


1 
i 


n/F 


1 /9 

i/2 


1 

— i 


n/F 

n-2 


1 /9 

i/2 


1 

i 


n-F 


(^i + «! — + a2j/^ 


(1 + ai + aj — ttg) 


q-F 


T 1 ^ /9 
(^i — ai + aj — ttgj/^ 


(—1 — a;i — + ttg) 


q-F 
•-^13 


[i — ai + 02)/ ^ 


(^i + ai + a2j 


n-F 
J3I 


[i + ai — 02)/ ^ 


(—1 — ttj — ^2) 


n-F 
•-^23 


[i — ai + a2 — a2)/ ^ 


(1 — «! + 0:2 + ag) 


n-F 
•JZ2 


[I + ai — a2 + 1 ^ 


(— 1 + «i — ^2 ~ ^2) 


n-B 


/I 1 ^, A /9 


U + aij 


n-B 
Uii 


M ^, W9 

— ai)l I 


\ — V — a\) 


n-B 


[i — ai + a2 + 0.2)1 1 


(1 + aj + 0^2 — ttg) 


n-B 
•-^51 


[i + ai — a2 — 0L2)I I 


(—1 — aj — 0:2 + «2) 


n-B 
•J2A 




(^i — «! + a2j 


n-B 
•Ji2 


( -\ ^ 1 ^ ^ /9 


(— i + ai — agj 


n-B 
•J 25 




\v — 02) 


n-B 
•J 52 




[—L + ai — a2) 


n-B 
•-^34 


(^i + «! + «! — Cl2)j I 


(1 + «! — — 02) 


nB 
'^43 


(1 + a2)/2 


(—1 — + + a2) 


n-B 
•-^35 


(l + a2)/2 


(l-«2) 


n-B 
•-^53 


(l-«2)/2 


(-l+«2) 


n-F 
•-^45 


(1 - ai - + ^2 + a2)/2 


(1 — «! + «! + ^2 — «2) 


jF 


(1 + ai + aj — 0:2 — a2)/2 


(—1 + ai — ai — 0^2 + ctg) 



5.1 TV = 2 SCA 

In order to understand the reduction scheme in the case under consideration, we take as a 
first example N = 2 W3 SCA and study how it is reproduced in our method. 

The algebra N = 2 W3 has one extra spin 2 bosonic supercurrent besides the spin 1 
N = 2 stress tensor. This counting suggests that we should impose ten constraints which 
is the "maximal" set. The point is that requiring the constraints to be first-class restricts a 
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possible number of such constraints. It can be easily checked that this requirement cannot 
be met if the number of constraints exceeds ten. 
For the choice 

«! = —1, «! =2, a2 = —2, = 1 (5.2) 

in Table 3 we give the list of "twisted" dimensions and charges of those supercur- 
rents which will be subjected to the reduction constraints and corresponding gauge fixing 
conditions (we use for them, respectively, the abbreviation "constr. scs" and "g.f. scs"). 



Table 3 



u{l) 


1 








1 


1 


1 














dim 


3 
2 


-1 


-1 


1 
2 


1 
2 


1 
2 














constr. scs 


jF 


jB 


•-^43 


jF 


jF 


jF 


jB 


jB 


jF 


jB 
•-^53 


g.f. scs 




jB 
•-^52 


jF 


■jB 
^2i 


jB 


jF 




n/F 


n( 


n/F 


dim 


2 


1 


3 
2 


1 


1 


3 
2 


1 

2 


1 

2 


1 

2 


1 

2 


u{l) 








-1 








-1 


1 


1 


-1 


-1 



We impose the constraints on all the negative and zero dimension supercurrents as is 



summarized below 



7' 



constr 
mn 



/ * 1 \ 

* * * 1 

* 1 * 

* * 1 * * 



(5.3) 



As was repeatedly mentioned above, these first-class constraints generate gauge invariances. 
In the upper line of Table 3 we place the supercurrents which are subjected to the above 
constraints and are basically the generators of these invariances according to the general 
formula ( p.3| ). The lower line collects the supercurrents which are gauged away by these 
invariances. For example, can be gauged away using the gauge transformation generated 
by constraint jTis {J'52 by J^i^ and so on). Note that four constraints of units in (|5.3|) are 
necessary to gauge away four dimension 1/2 supercurrents corresponding to Cartan elements. 

As we see, only four supercurrents J2\-, Jzx-, Jt^x-, Jh\ eventually survive. Substituting 
( ^.3|) into the nonlinear constraints (|2.3|) we find that i72i, JTsi, before fixing the gauge, are 
expressed as follows 



J2X = k(v-^ni^j^i, 



(5.4) 



After gauging away the unphysical degrees of freedom in accord with Table 3, we are left 
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with the following supercurrent matrix jT^n in the highest weight gauge 



J. 



DS 

mn 



I 

\ J51 



1 \ 

1 



10 

1 y 



(5.5) 



Thus as an output we have two independent unconstrained supercurrents with zero u(X) 
charges: a dimension 1 supercurrent Ja,\ which is nothing but the N = 2 stress tensor and 
a dimension 2 supercurrent J^i. 

We will not discuss here how to construct gauge invariant supercurrents and which SOPEs 
they satisfy, because all these formulas can be reproduced via a secondary hamiltonian reduc- 
tion from N = 2 W3 SCA which will be discussed in the following Subsection. Anticipating 
the result, the relevant set of SOPEs forms the classical N = 2 W3 SCA []32 |. 



23 can be obtained within our 



5.2 = 2 Wi^^ SCA 

Let us now describe another reduction. 

We wish to understand how = 2 SCA of Ref. 
procedure. Recall that this algebra is described in A^ = 2 superspace by the spin 1/2,2 
bosonic and 1/2,2 fermionic constrained supercurrents in addition to the spin 1 bosonic 
unconstrained N = 2 stress tensor. To match this superfield content, we are led to impose 
nine constraints on the N = 2 affine supercurrents. One could try to proceed by relaxing one 
of the constraints ( p. 3D , still with the same choice of the splitting parameters ( |5.2| ). However, 
in this basis one finds no spin 2 fermionic supercurrents required by the superfield content 
of N = 2 WP SCA. So we are led to choose ai,aj in another way (once again, the basic 
motivation for this choice is the presence of at least one spin 1 supercurrent with zero u{l) 
charge after splitting) 



— 1, ai = 1, 0^2 = —2, a2 



0. 



(5.6) 



(2) 

It turns out that this is the right choice to produce the N = 2 SCA precisely in the 



form given in |2^ , one of the surviving supercurrents being the corresponding unconstrained 
N = 2 stress tensor. Actually, the choices (p.2|), ( ^.6| ) are closely related to each other: the 
relevant N = 2 stress tensors differ by an improving term containing a spin 1/2 fermionic 
supercurrent. We will come back to this point later, while discussing the secondary reduction 
of AT = 2 PVf ^ SCA. 

Proceeding as before, we list in Table 4 the dimensions and u{l) charges of the constrained 
and gauge fixed supercurrents, and in Table 5 indicate the supercurrents surviving the whole 
set of the hamiltonian reduction second class constraints to be defined below (we denote these 
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latter supercurrents as "surv. scs"). 



Table 4 



U{1) 








1 


-1 


1 














dim 


-1 


-1 


1 

2 


1 

2 


1 

2 














constr. scs 


jF 


jB 


^12 


-jB 


•-^45 


jF 


jB 


•-^25 


•-^42 


g.f. scs 


•-^34 


jB 


rrB 


•J 32 


rrF 
•-^54 


•-^35 




ri2 




dim 


3 
2 


1 


1 


1 


3 
2 


1 
2 


1 
2 


1 
2 


1 

2 


nil) 


1 











-1 


1 


1 


1 


-1 



Table 5 



surv. scs 


jB 
•-^53 


niF 
«2 


jB 


•-^31 


•-^51 


•-^21 


dim 


1 

2 


1 

2 


1 


2 


2 


3 
2 


nil) 


-1 


-1 











-1 



In Table 5 and in similar Tables for other cases studied in this Section we adopt the 
following convention: to the right from the double vertical line we place those of the surviving 
supercurrents (actually the single current J21 in the case at hand) which are expressed 
through other ones by the remnants of the nonlinear constraints ( p.3[ ) after imposing the 
hamiltonian reduction constraints. These latter supercurrents themselves (they still can be 
constrained, e.g., be chiral) are placed on the left. 

From Table 4 we conclude that there are only three bosonic afiine supercurrents with 
both spin and u{l) charge equal to zero, namely, J7i4, J25 and J42. So we can put them 
equal to 1, while all the supercurrents with negative dimensions, as in the previous examples, 
equal to zero. We also equate to zero the fermionic supercurrent J^z- Thus the constraints 
we impose are of the form 
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constr 
mn 



I * 

V * 







* 




\ 

1 
* 


* / 



(5.7) 



By plugging ( |5.7| ) into the nonlinear constraints ( |2.3| ), we can solve one of them for ^21 
and express the latter in terms of J'^ 



J, 



21 



k 



41- 



(5. 



As the next step we should fixe gauges. Gauge fixing procedure can be performed using the 
same arguments as in the previous examples and we eventually arrive at the following J'^^ 



Jr 



DS 
mn 



( 

Ja\ 

V J51 





n-2 

1 









1/53 



\ 
1 



n-2 ) 



(5.9) 
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Now we are ready to construct five independent gauge invariant supercurrents by ex- 
ploiting the general procedure expounded in Section 3. After a lengthy but straightforward 
computation we find 



J53 = J53 - kVj2z - k^Vj;^ + kn-2Vj43 + k^JnH + k^Ji^Jk - kVJuJ53 
^ +eVJi^Vn-2 - k^VJi^VJ,,^ - kVJ^^Jr,^ - kVn-^J^z + k^J[^, 

U2 = ni + n-2 + kvj^^ + kvj25 + k^vj[^ + eji^n'-2 

^ -k-Djun-2 - evji^vH-2 - kvj^^n-2, 

Jax = j24 + J52 + kvni + 2kvn2 + k^vji^-kvni + n2n-2 



42 5 

JTi = -2 J31 + kVJu - k^VJ^5 - JMJsi + JuJ3i - kJi^Vn-2Jzi 

^J2hJ'i\ + J'i\J'^2 ~ Jz2Jvl ~ Ja,i^2 ~ 1/351/21 + Jz5'^2'Ja1 

+ kJ35n-2Vn-2 + /c' J35^2 - ^745^2^31 - kVJ^^J^^ - /c^^DjsgPT^g 

_ +kVJ^5J3i - kVn-2J32 + k^Ji^Jsi + k''Ji^n-2 - k^j'32. 
J51 = -2J51 - fc'^^2 - kVJ2i + PPT^'i - kHiDJii - kH-2VJ^2 

-2kn-2Vjisj^^ - 2kn-2Vji^j5s + n2j2i - ^2^2:^41 - kn2n-2vn-2 

+fc J13H2P J31 - 2ej^3'n'-2Jl3 - 2ejri'HlJr,3 + ^'14^51 + kJuVJ2i 
— fcj7i5?i2^^i75i + fcJTis'T'jTsiJTsa — 2k'^J'i5J'^^J'^^ — 2k^ Ji^J^.^J^^ 
""1/231/31 + 1/25^/51 + 1/341/53 ^ ^1/357^2^^1/53 — 1/351/411/53 — ^1/35^^7^21/53 

Jz'zsJ'o'i ~ 1/4^1/52 + 1/421/51 ~" ^^7^21/41 "~ kT)J\2Jh\ — ^^"^1/127^1/21 
+4A;PJi2 J5'3^53 - k'^VJi^VJ^i - 2k^VJnVn-2J^3 - 2^;^:^ Ji3P7^^ J53 
-k^VJuVJii - k^VJi^VJ^i + 2k^T)J^^VJ'^^J^3 + 2eVJi,Jl^VJ^3 

+2/cP J23 ^53 + ^kVJ^^J'^^J^3 + 2A;PJi'2 J53 J53 - 2k'''DJ[^V'H-2J^3 

+2fc2pj7-;5 + 2kvj^^j53 + 2fcp J53 J53 + 2evj;^j53 

+2kVn-2J^3Jk + 2kVn-2Ji^J53 + kVJ2iJA2 + kVJ3iJ^3 + A;7)J32 J53 

+2fc7)7^^ J43 J53 - 2A;7^^7) J43 J53 - 2A;27^^7^2 + A;^ Ji'2:r2i - 2A;Vi'37^2 J53 
—k'^JiiJAi — '^k? J[^J'^.^J^3 — 2k^J^^J^3 — 2k? J[^J'^j_ — 2J'^.^J^3 
-erL2n'-2 - kJ2iVJ^2 + 2eVJ[^Ji^ + A;7)7^i J41 - Ik^J'kJ^?. 



k\^ ~~ 



-fc2:r2'4 - J^'^ - A;^ J-;^ - y [P, P] J41 + 2 J5'3 J53 + y J41 • (5.10) 



It is easy to verify that these gauge invariant supercurrents satisfy the condition (|3.5| ). Note 
that in the last three terms of 1/51, in order to shorten this expression, we kept ^741,^/53 in 
their implicit form. 

Now it is direct to calculate the star SOPEs between them using the rule (3.9) and the 
explicit expressions ( [5.10| ) and ( |2.1| ). The N = 2 stress tensor is given by 



T=-ij4i = -^J4i5 (5.11) 
where the second equality is fulfilled on the shell of constraints. It has the central charge 
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—2k and coincides with T^^g ( |5.1|) , ( |5.6| ) on the constraints shelL After the redefinitions 

iTsa — ^ iTsS, ^^2) 1^31 — ^ TTiTsi, iTsi TTiTsi , (5.12) 



all the supercurrents except for H2 are superprimary with respect to the stress tensor ( |5.11| ) 
(see eq. (|2.8| )), and have the spins 1/2, 1/2, 2 and 2, respectively, while H2 is quasi superpri- 
mary 
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T{Z,)n-2{Z2) = "-^2k 

^12 



6'i26'i2 1 ^12^ , ^12^ , ^12^12 o 1 
V + V + d 

%2 ^ ^12 Z12 Z12 Z\2 



n-2. 



(5.13) 



Finally, the remaining set of SOPEs is as follows (from now on, we omit the index ' 
keeping in mind that all such SOPEs are computed according to the rule (3.9)) 



^2(^1)^53(^2) 
7^2(^1)^31(^2) 
7^2(^1)^51(^2) 



712 



J53(^l)J3l(^2) 



1753(^1)1/51(^2) 



J3l(^l)J5l(^2) 



53; 



^12 

6*12 rr 

J-ill 

Z12 

— ^2k + -^^rL-2 



W2 + ^ - vn2] 



^12 



^12 



^12 



^12 



0^o6 



12(712 



^2 
^12 



-vr + ■^n-2vn-2 - ^rn-2 + -n'o 

2 2k ^ ^ 2k ^ 2 ^. 



Z12 




-^2k 

Z\2 


i 


1 6*126* 


12 


^12 L 


1 

+ 

^12 


-1 


^12^12 


1/53 


^3 
^12 


, 6*126* 


12 


' 2 

^12 L 


1 

+ 

ZV2 





^12^12 



2;' 



^22^^2 - 7^ + ^ 

^2 - ^n-2 + ^ [-r + ©7^2] 



12 

2 



^12 



^12 



^12 



^7^2i^7^2 + ^rn~2 - \n'-2^ 



I, 

k' 



6*12 ^ 


Z\2 



<712, 

2~ ■ 
^12 



/53 



1 1 1 1 , ■ 

— 7^2^^J53 - ^^^53 + ^"^^2^53 + 2^53 



1. 

A;' 



'53 



1 ^ ^ 6112 1 ^12^ ^ 
^c/31 2~r''-2'-^31 —L^Jy,! 

Z\2 1^ 



^2 
^12 



^2 
^12 



'12C12 



^12 



-jTj3i + jVn-2j3i + lj;,i 

k k 2 



-J' 



_^012 

Z12 
_l_^12 

2:12 



^n-2vn-2j3i - ^THA + ^^^^31 



^^2^31 



1 



k k k 
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12C12 



Zl2 



1/51(^1)1/51(^2 



^12 

^12^12 



C12 

72" 

^12 



^2i7j 



51 



k 



53 



t^l2 

^2 
^12 



51 



^12 



51 



^2 
^12 



3 13 3 



+- 



e 



12 



1 



2:12 

k k'^ 

"^^■^2^51 

_|_^12 

^12 

-yl^TJsi 

A; 



^SlJs' 



53 



-i?j:5 



51 



+ 



12^12 



2:12 



k' 



(5.14) 



So we end up with the following five N = 2 supercurrents: a general spin 1 T, spin 1/2 
antichiral fermionic Tig and bosonic 1/53 , constrained spin 2 fermionic jTsi and bosonic jTsi 
ones. 

We also write down the constraints which stem from the original nonlinear constraints 
on the affine supercurrents 



vm 



V 



k 



0, 
0, 



53 



0, 



k 



~ T^2 1 </51 ~ T</31i753 



k 



0. 



(5.15) 



By construction, all the above SOPEs are compatible with these constraints. These SOPEs 

(2\ 

and constraints constitute the superfield description of = 2 W3 superalgebra given in 

El. 

As shown in we can obtain N = 2 W3 SCA from N = 2 SCA by means of 

secondary hamiltonian reduction (by the primary hamiltonian reduction we mean the 
one which proceeds directly from affine (super) algebra). 

With respect to the new stress tensor Tnew, 

%iew = T + Vn-2 (5.16) 
J753 has vanishing spin and u{l) charge. Then we can put nonzero constraint on jTss 

J53-l = (5.17) 
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and gauge away Tij 



(5.18) 



These additional constraints are consistent with the first and second of eqs. ( |5.15| ), respec- 
tively. One observes that now ^Tsi is expressed from the fourth of eqs. (|5.15|) as 



31 



k{v--n-2 



51 



(5.19) 



after which the third of eqs. ( |5.15|) is satisfied identically. Then we are left with the same 



J7^„ as in (|5.5|) . Thus the surviving independent supercurrents are Tnew and jTsi and it 
remains to construct the appropriate gauge invariant supercurrents and to compute their 
SOPEs using the rule (3.9). The dimension of jTsi and its m(1) charge with respect to T^ew 
are the same as in Table 5, i.e. 2 and 0, which are characteristic of the second supercurrent 

of AT ^ 



2 W-i SCA. According to [23 



the resulting superalgebra is precisely the N = 2 W-^ 
SCA |3^. Of course, we could arrive at the same SOPEs directly in the framework of the 
primary hamiltonian reduction procedure described in the previous Subsection. 

Let us remark that T^ew ( |5.16D exactly corresponds to the previous choice of the splitting 



parameters (5^), in the sense that the dimensions and m(1) charges of all the supercurrents 
with respect to it are the same as in Subsect. 5.1. This implies that the bases ( ^.6|) and (|5.2| ) 
are related through the shift ~ PTig of the respective N = 2 stress tensors. We could equally 
derive N = 2 ■* SCA sticking to the choice (|5.2|) and relaxing one of the constraints of 
units (on jTsa) directly in the supermatrix ( |5.3| ). However, in the corresponding basis the 
N = 2 VFg supercurrents are even not quasi superprimary. To put this superalgebra in 



the standard form given in one should pass to the stress tensor T ( ^.11|) by the relation 

(EH)- 

It is worth to notice that one can produce eight reduction constraints by relaxing of the 
constraint on J^23 in the supermatrix (5.7). Then the surviving supercurrents have extra two 

(2) 

supercurrents J'23, jTss in addition to the superfield contents of = 2 SCA. 

In next Subsection we will consider more examples of extended N = 2 conformal super- 
algebras obtained from N = 2 s/(3|2)'^^) via N = 2 superfield hamiltonian reduction. 

5.3 New Extended = 2 SCAs 

From now on we will concentrate on those examples of hamiltonian reduction in A^ = 2 
superspace which generate new extended N = 2 SCAs. 

Next natural step is to consider the cases in which the number of the reduction constraints 
is less than nine. Let us first describe the case with five constraints (this number is the 
minimal one at which the constraints can still be chosen to be first-class). As before, the 
reason why we choose the specific values for splitting parameters as below stems from the 
demand that among the surviving supercurrents there is at least one bosonic supercurrent 
with spin 1 and u{l) charge zero. 

For the choice 



tti 



-1, ai 



0, 0:2 = 0, a2 = I 



(5.20) 
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we list the dimensions and u{l) charges of supercurrents in Tables 6 and 7. 



Table 6 



u{l) 


-1 





2 








dim 


1 

2 














constr. scs 


jF 


J 14, 




^B 


rrB 
•J 53 


g.f. scs 


jB 




jF 


•-^13 


n/F 

n-2 


dim 


1 


1 

2 


1 
2 


1 

2 


1 

2 


nil) 





1 


-1 


1 


-1 



Table 7 



surv. scs 


jB 


jB 


jF 


jF 
•J 23 






jB 


•-^35 


jB 


jB 


•-^25 


jF 


jF 
•J32 


jF 


dim 








1 
2 


1 

2 


1 
2 


1 

2 


1 


1 


1 


1 


1 


1 

2 


1 
2 


3 
2 







-2 


1 


-1 


-1 


1 











-2 


2 


-1 


-3 


1 



We can choose the appropriate constraints as follows 



7 



constr 
mn 



* 
* 

V * 



(5.21) 



One observes that it is not a subset of constraints discussed in previous Subsections, (|5.3|) , 
( p.7| ). Further we fix the gauge according to Table 6 and quote the surviving supercurrents in 
Table 7. There are three supercurrents expressible at expense of the remaining ones, which 
can be seen by substituting ([5.21|) into the nonlinear constraints (p.3[) 



i731 

1/32 



k{v-^{ni + n2)) J51 - J21J52, 



k{v--n-2] J52, 



k(V + -ni]Ji5- J12 J25 - Jl3J35- 



(5.22) 



Thus we come to the following JT^^ 



Jr 



DS 
mn 





Ui 








1 


J7l5 


\ 




J21 





J23 





J25 




k 


V — \l-Lij Jsi — J21J52 


kVJ^2 


^2 





1^35 








J^2 





Hi 


kVJ^^ 








Jh2 


1 





^2 


/ 



(5.23) 



The supercurrents i75i,j752, and remain unconstrained. 

Once we know the gauge invariant supercurrents, it is straightforward to deduce their 
algebra. The consruction of these gauge invariant quantities is the crucial (and most difficult) 



22 



step of our approach. With the above choice of five constraints, it is rather lengthy and 
cumbersome to find correct ansatz for gauge invariant supercurrents because two spin 
supercurrents jTsi, J^2 are present (let us remind that Jap are some nonlinear functionals of 
Jafi and their derivatives). As the first step we write down JTq/j as a lowest order monomial 
in Jsi, J752, and check whether it satisfies the conditions (|3.5|), ( |3.8| ). If this is not the case, 
we include next order terms in J75i,i752, etc., until the conditions ( |3.8| ) are satisfied. 

Finally we obtain the gauge invariant supercurrents j7a/3 in the following form 

iTsi = J734 + 2j75l — A;'r'j754 + 7i2i754 + i723i752j754 + jr24j752 — iTsiiTss, 

Jh2 = 2^/52 — J\aJ^2-, 

•J2I = J2\ + kVj24 + Jxi^JiX — J2\Jh?^ + •J2-iHlJbA — •J2aHi + /cl^j723 J754, 

1/23 = 1/23 + 1/231/14 ~" i723i753) 

Hi = ni + kVJu, 

H2 = n2 + kvj53, 

i7i5 = J743 — kVJ'i^ + jTisJTsa, 

J35 = + n2n-2 - kn2'Dju - n2Ji5J54 

—Jx'oJz'^ + kJ\<^T>J<^^ + J-i^J^j, + J745J754 — 
J41 = /cT'Tii + kHiVJ^^ + TiiTii — J12J21 — Jv3H2Jh\ — JizJ^iJbz 

+ i723i742j754 + J2^J'^2 — J^'iJ^l + kT>Ji2,J^l + k"^ J^^^ 
Ja2 = ~kT>Ji2 — J\'iH.2J^2 — J\1,J'i,2Jf,Z~ JlzJviJ^it^ J'^2Jh'i,~ J^'i,Jh2 

^ +/CPJ13J52, 

1/25 = J\'^J2h ^ J\^J2^^ J2Z^2~ kJ2-{DJ\^\ kJ2-iDJ'^j, — J2j,J\'oJ^^- (5.24) 

We also construct N = 2 stress tensor 
1 



J35 + Jai + ^2^1 + Ji5 J51 - kj2zVJ^2 + :^25 J52J (5.25) 
with central charge 2k. The remnants of nonlinear irreducibility constraints are given by 



VHi = 0, vn2 = 0, 
V - ^Hi) J21 = 0, (^P + ^7^2) J23 = 0, 



- -^Haj J35 = 0, (^P - -Hij J41 + ;^^2i J42 = 0, 

:PJ42 = 0, VJ25 - JJ23J35 = 0. (5.26) 

k 

The above gauge invariant supercurrents form some extended N = 2 SCA, in particular, 
the stress tensor ( |5.25|) generates the standard N = 2 SCA. Here we do not present this 
superalgebra explicitly and leave its study to the future. The reason is that it does not 
meet one of the criterions by which we limited from the beginning our study in this paper. 
Namely, the N = 2 stress tensor ( ^.25| ) is constrained because the linear terms in ( |5.25| ) 
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jTss, Jvl are constrained. The only unconstrained bosonic supercurrent with the spin and 
u{\) charge appropriate for N = 2 stress tensor, jTis, enters nonhnearly into T ( [5. 251 ), so eq. 
( ^.25| ) does not imply an invertible relation between T and jTis- 
We would like to mention that the supercurrents 



^2, Hi, J35-kVn2 

are quasi superprimary, and 

iTsi, i752, 1^21, i7235 i7l5! 1^42, iTi 



25 



23 



(5.27) 



(5.2J 



are superprimary with respect to T ( |5.25|) . 

Now we turn to another choice of five constraints which leads to an unconstrained 
stress tensor and so seems to be more interesting. For 



ai = —1, ai = 1, 0^2 = 0, = 
we have the spins and m(1) charges as is given in Tables 8, 9. 

Table 8 



(5.29) 



dim 



constr. scs J', 



2 














12 



"tT 7^ 



42 



■-^43 



g.f. SCS 



•-^24 



•-^34 



dim 

u{l) 



1 




"T r 

2 2 
-1 -1 



Table 9 



surv. scs 


•-^15 


jB 


jB 


•-^35 


n/F 


n/F 

rT-2 


•-^25 


•-^51 


•-^23 


c/41 


jF 


•-^54 


•-^45 


•-^21 


dim 








1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


3 


2 


2 


2 


2 




2 


2 


2 


nil) 


2 


-2 


-1 


1 


1 


-1 


2 


-2 


2 





-2 


-3 


3 


-1 



With this choice of parameters, we impose the following constraints: 

/ * 1 

* * * * 

* * * * 

* 1 * 

* * * * 



7 



constr 
mn 



V 



* \ 

* 



(5.30) 



Then, fixing gauges according to Table 8, for surviving supercurrents we have Table 9. In 
Table 9, last three supercurrents are expressed through the remaining ones by the relations 



45 



24 



^21 



Jh2 — Jz2Jh'i- 



k{v--n-2 



(5.31) 



The supercurrents ^15, ^"41, and J752 are unconstrained. Then one gets the following 



DS 
ran 



J, 



DS 



( 
kVJ^i 





'H2 1^23 



1 



1 







1^25 



(5.32) 



V J51 J52 J53 - 1^2) J52 n2 + n-2 J 

The gauge invariant supercurrents are given by the following expressions 
i7i5 = 2i7i5 — i7i5i742 + A;'Di7i2i7i5) 

2i752 ~ i7l2i754 ~ i7l4i752, 

iTsa ~ JnJ^i ~ JvA^2Jh2 ~ J^zJ^2 + k'DJ\2,J^2-i 
1/35 + ^2i7l5i732 ~ •Jlb'JzA — kJ\^T> J'i2 — •J45'Jz2-i 

Ti-2, 

^1 + ^2) 

JviJ?,h^2 + J\AJ2h — J\hJ2A + kJi^VHl + j2zJ\hJ'i2 + Jz^JaZ 

+1/45^1 ~ k'DJi^J^^^ — k'DJx/^J^^^ — k?J[/^J\^i 
"^11/54 ~ ^21/321/53 ~ 1/231/321/52 + 1/241/52 + J^iJbz + 1/421/51 
-kVniJ52 + kVJs2J53 + A;PJ42 J54 + A;' Ji'2 J54 + k^JLJ52, 

-kVJuJ^i 

kVJi^ + 71:2^43 - kJi2'DJ23 + Jl2J23n-2 - /c JigPTis 
+ ^23 Ji4 - kVn2Jn + kVJi2j23 + k^Jvs, 

—1/131/31 + Ji'vJ'U — J23J32 + k^J[^ — k^J'l2i 

kVJu + ^31^42 - J^?2:^41 - J34H2 - kVn2J32 

-fcPJi2 J31 - A;I)H2 J32 - J3'2. (5.33) 
The whole set of irreducibility constraints for surviving supercurrents is as follows 

vn2 = 0, vn-2 = 0, PJ53 = 0, 

(v - ^n2^ J35 = 0, (v + ^7^2) J23 = 0, 



(5.34) 



1/52 
^53 
1/35 
^ 
^2 
1/25 

1/51 

1/23 
1/41 
1/31 



PJ25 - 7^23^35 =0, lV--n-2] J31 = 0, 



k 

v-\n-2 

k 



51 



k 



k 



(1/211/52 + 1/311/53 + 1/411/54) — 0. 



The stress tensor has the following form: 



H2H2 + J41 + Ji5 J51 + J25 J52 + J35 J53 + kVJ^^{kVJ^2 - n2Jr,2) (5.35 



25 



and possesses the central charge —2k. On the constraints shell the Sugawara N = 2 stress 
tensor coincides with T. With respect to T, the following combinations of supercurrents 



i7l55 J^52, 'H2, 1/355 J/31, J^25 ^(['^j '^]</l5 — iTls), 

J51 - y [2^, J52 - y ^52 + ^^^^2^52 + kJ,2T (5.36) 

are superprimary. 

It is straightforward to derive the complete set of SOPEs between the above supercurrents 
jTa/j's ( p.36| ). The N = 2 stress tensor ( |5.35|) entering into this N = 2 SCA is unconstrained 
since the linear term J'n in ( p.35| ) is unconstrained. We do not give here the SOPEs be- 
tween the surviving supercurrents because these are very complicated due to the presence 
of dimension zero supercurrents J7i5,j752. Let us only point out that in the present case 
one cannot decouple two fields of dimension after passing to the component form of the 
superalgebra. 

In the next Subsection we will show that the above unpleasant features of SCA under 
consideration disappear after the appropriate secondary hamiltonian reduction of it. The 
resulting SCA does not contain any spin supercurrents; all the involved supercurrents 
are superprimary with respect to the corresponding N = 2 stress tensor. This reduction is 
accomplished by adding two more constraints to the set (|5.3U[) and so corresponds to imposing 



some seven constraints on the original supermatrix of iV = 2 s/(3|2)*^^^ affine supercurrents. 
5.4 N = 2 u{2\l) SCA 

In this Subsection we show that there exists a natural reduction of the second of extended 
N = 2 SCAs considered in the previous Subsection, such that it yields a iV = 2 extension of 



the m(2|1) SCA of Ref. |3 



The m(2|1) SCA is some graded version of the u{3) KB SCA and is generated by 16 
component currents, the number of bosonic and fermionic ones being the same. The spins of 
them are greater than 1/2. The details of this algebra will be given later, the only point we 
wish to mention at once is that there is no standard supersymmetry subalgebra in this SCA. 
Anticipating our results, the N = 2 supersymmetric extension of this SCA, N = 2 ■u(2|l), 
contains four extra spin 1/2 currents: two of them are bosonic, others fermionic. This current 
content immediately implies that the number of the hamiltonian reduction constraints should 
be seven. One could start directly from N = 2 sZ(3|2)*^^^ current algebra, i.e. make use of the 
primary hamiltonian reduction procedure. However, it is simpler to deduce the same results 
in an equivalent way, applying a secondary reduction to the extended N = 2 SCA described 
in the end of previous Subsection. 



Thus we start with the same choice of splitting parameters ( ^.29|) and wish to strengthen 



the set of constraints ( |5.30| ) by adding two more ones. A natural desire is to get rid of the 



unwanted spin supercurrents, viz. J7i5, 1/25 (see Table 9). It turns out that they both are 
eliminated by enforcing the constraint 

Ji5 = 0. (5.37) 



26 



Then we can gauge away J^2 using the gauge transformation generated by this new con- 
straint: 



J52 = 0. 

We also note that ( p.37] ), via the nonhnear constraints 

J45 = . 

So the final supermatrix of constraints is given by 



I), automatically implies 



(5.38) 



(5.39) 



7' 



constr 
mn 



( * 





1 



\ 





(5.40) 



As in previous examples, we list the constrained, gauge fixed and surviving supercurrents 
in Tables 10 and 11. 

Table 10 





nil) 


1 


2 








1 


2 
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dim 


1 
2 











1 
2 





1 
2 




constr. scs 


•J12 


•-^13 


jB 


jB 


•-^43 


•-^15 


•-^45 






l-f. scs 


rrB 
•-^24 


jB 


n( 


nf 


jF 




-tF 
•-^54 






dim 

n(l) 


1 



1 

2 
~1 


2 

-1 


1 
2 
1 




-2 




-2 


1 
2 

-3 




Table 11 




















surv. scs 


q-B 


n/F 

ri2 




jB 


jB 


jF 




•-^31 


7^ 


dim 

nil) 


1 1 

2 2 
-1 1 


1 
2 
1 


1 

2 

-1 


1 
2 


1 

-2 


1 

2 


1 



1 

-2 


3 
2 
-1 



After substituting ( |5.37| ), ( |5.38| ) into ( p.32| ), the relevant iZ^jf takes the following form 

/ 1 \ 

A;:pJ4i ^2 :^23 J25 

J31 7^2 J35 

j^4i 1 

J51 J53 n2 + n-2 J 

All the elementary supercurrents here, except for J'41, are still subjected to the constraints 
which are obtained by substituting (|5.37|) , (|5.38|) into ( |5.34|) : 



DS 
mn 



V 



(5.41) 



vn2 

V - ln2) Js, 



T^+l^^] ^23 



T^>J2b ~ 71/231/35 

k 



0, 
0, 

0, 
0, 



vn-2-- 

^J53 



0, 

-- 0, 



J31 = 0, 



(5.42) 
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Using the same techniques as before, we get the following expressions for gauge invariant 
supercurrents in terms of the original ones (forming the previous SCA with five constraints) 





= 1^35 








= J53 






% 


= T^2, 






1-1 


— rL2, 








— J25 


2 i ' ■'-^J'-'is i^Ji^Ly ri2 


J- 1 1 1 


J2Z 


= 1^23 


+ ^2 Jis J53 + kJi5VJ53 + 






= J^il 


+ iTisiTsi + J2'oJ^2^ 






= J3I 


+ kJ'^^T>J'^2 ~ J?,^'^2Jh2 + 








-y[D,P]J52-fcH2PJ52 


+ i735i752i753 — 



1^52 - yJsV (5.43) 

We would like to stress that the SOPEs between J'ki appearing in the r.h.s. of above equations 
can be found by using the SOPEs of second superalgebra presented in the Subsection 5.3. 
The N = 2 stress tensor is given by 

r = [n2n-2 + J41 + J35 J53] (5.44) 

k 

with central charge —2k. On the shell of constraints Sugawara N = 2 stress tensor coincides 
with this stress tensor and contains linearly supercurrent so T ( ^.44 ) is unconstrained. 



Then N = 2 u{2\l) SCA (the reason why we call it this way will be soon clear) besides 
general spin 1 supercurrent T, = 2 stress tensor, contains the following eight constrained 
N = 2 supercurrents: spin 1/2 H2, J53, J35 and Tig, spin 1 Jsi, 1/25, 1/23, and Jai. All these 
supercurrents are superprimary with respect to T. After rescaling 

1111 

1/25 Ti/255 1/23 ~^ T'^23) 1/31 ~^ 71/3I5 1/51 ~^ TiTsi) (5.45) 
k k K K 

the rest of nonvanishing SOPEs follows 



7^2(^1)^2(^2) 

H-2{Z{)J,^{Z2) 

7^2(^1)^53(^2) 

J2,b{Zl)J^-i{Z2) 



Z12 2 

^12 rr 

c/35, 

2:12 

O12 ^ 
c/535 

^12 

9,o9,ok 



Z12 



a2Ci2 

T2~ 

^12 



- + — k 

2 Z12 



^7^2 

^12 



12C12 



^12 



vn2, 



(5.46) 
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Jl-iiZ-i) 

J2AZ2) 

J3l{Z2) 
J5l(^2) 
<J2'i{Z2) 
JZX{Z2) 

J2z{Z2) 
J2^{Z2) 
J3l(^2) 
J,l{Z2) 

J2AZ2) 



^23) 



012 
Z12 ■ 

-ill. 7„, 

^12 "^51, 
012 7" 

212*^31, 
012 ^ 



012012 1 
212 



012012 1 7" 

_ 012012 1 y -T 

.212 /.•'^■^•'^'^Sl' 



212 



31 



012012 1 ['7-/ 7" 7" 1 



012 



1/23, 



012 



^51) 



iT23('^l)iT25('^2) 
i/23('^l)i73l('^2) 



"T^23e/25, 



2:12 /c 



^12^127 1 ^12,1, ^12,1, 

-k ^/C + ^7t2 + ^/t2 

^12 ^12 ^12 



2^12 



+ 



12^12 



^2 
^12 



+- 



+ 



1 

Z\2 
Q\2 



r-vn-2 + \n2n-2 + 7 J35 J53 - 

k k 

Vr - \n-2r + \n-2Vn-2 - ^^35^2^53 + 7:P^2^2 

k k k'^ k 



Z12 
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(5.47) 



It can be checked that our algebra satisfies all the Jacobi identities. The supercurrents 
^2, "^2, 1/35, J753 form N = 2 m(1|1)'^^) current algebra as a subalgebra (their SOPEs form a 
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closed set as is seen from eq. ( |5.46|) ) 



(2) 

Let us show that N = 2 SCA constructed in Subsection 5.2 using primary hamilto- 
nian reduction can be equally obtained via a secondary hamiltonian reduction from N = 2 
m(2|1) SCA. The existence of such a possibility follows already from the fact that the con- 
straints ( ^.40|) form a subclass of the N = 2 W^'^^ constraints (|5.71 ). 



With respect to the new stress tensor T^ew 

Tnew = T - 2Vn2 (5.48) 

the spins («(!) charges) of ^725 and J'23 are 0(0). In this new basis, we can add two extra 
constraints such that 

J25 = l, J23 = 0, (5.49) 

and, as usual, make use of the gauge freedom associated with these constraints for gauging 
away two more supercurrents 

^2 = 0, J35 = 0. (5.50) 

Using (|5.49|) , (|5.50|) one can check that ( ^.42|) precisely reduces to ( |5.15|) and J'^^ coincides 
with ( ^.9|) . It can be easily checked that the dimensions and u{l) charges of the surviving 
supercurrents iTss, 7^2; iTsij iTsi with respect to Tnew change and take the same values as in 
Table 5. After finding gauge invariant supercurrents which we did not write down explicitly, 
the reduced algebra becomes the algebra N = 2 SCA elaborated in Subsection 5.2. 

Let us analyze in some detail the component structure of the extended N = 2 SCA 
constructed here. 

After solving the constraints ( p.42| ) for the involved supercurrents we are left with the 



following set of (10 + 10) currents: one Virasoro spin 2 stress tensor, two bosonic and four 
fermionic spin 3/2 currents, five bosonic and four fermionic spin 1 currents, two bosonic and 
two fermionic spin 1/2 currents. For the time being we do not give the precise relation of 
these currents to the components of supercurrents, we only note that four spin 1/2 currents 
appear as the 9, 9 independent parts of 1/35, 0.2,^2- The Virasoro stress tensor, pair of 
fermionic spin 3/2 currents and one bosonic spin 1 current form N = 2 SCA as a subalgebra, 
while the remainder of currents are spread over N = 2 multiplets. 

It is not too enlightening to present the OPEs between these latter currents. For a better 
understanding what we have obtained, it is more appropriate to pass, by means of some 
nonlinear invertible transformation, to another basis of the constituent currents in which 
the N = 2 multiplet structure becomes implicit but the spin 1/2 currents commute with all 
other ones and so can be factored out. The possibility of such a factorization agrees with 
the general statement of Ref . |]T3| . Below we give the explicit correspondence between the 
modified currents (commuting with the spin 1/2 ones) and the initial supercurrents 
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(5.51) 



where | means the 6, 9 independent part of corresponding supercurrents. After decouphng 
spin 1/2 currents the quotient algebra includes the Virasoro stress tensor T, two bosonic and 
four fermionic spin 3/2 currents, respectively, G^ , G3 and G"", Ga, {a = 1,2), five bosonic and 
four fermionic spin 1 currents, respectively J"f,, (a, b = 1, 2) and J^s, J^a, a = 1,2. Nine 
spin 1 currents turn out to generate m(2|1) current algebratl. Spin 3/2 currents transform 
under fundamental and conjugate representaions of 'u(2|l) for upper and lower positions of 
indices. Their OPEs contain a quadratic nonlinearity in the 'u(2|l) currents. All the currents 
are primary with respect to T. 

A simple inspection shows that this quotient algebra is none other than the Z2 x Z2 graded 
extension of m(2|1) current superalgebra, m(2|1) SCA [Q, which is some graded version of the 
u{3) KB SCA (the precise correspondence comes out with the choice k = —K,m = 2,n = 1 
in the general formulas of ) . In contrast to the original N = 2 algebra with the spin 1/2 
currents added, the quotient algebra does not contain the standard linear N = 2 SCA as a 
subalgebra; respectively, the N = 2 multiplet structure of the currents turns out to be lost. 
Thus we see that the adding of the spin 1/2 currents to the m(2|1) SCA makes it possible to 
extend it to some extended N = 2 SCA, and this is why we call the latter N = 2 m(2|1) SCA. 
The relation between this SCA and its quotient by the spin 1/2 currents strongly resembles, 
say, the relation between linear = 3 SCA and nonlinear so{3) KB SCA |jl5|. The essential 
difference consists, however, in that both N = 2 ^^(2|1) SCA and its quotient are nonlinear 
algebras. Nonetheless, we can say that the first algebra is still "more linear" compared to 

tt'vyg give the relations of u{m\n) current algebra in Appendix C. 
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the second one, because passing to it linearizes two of four nonlinear supersymmetries of 
m(2|1) SCA. 

Let us also remind that in the component version of hamiltonian reduction of sl{3\2)^^\ 
when we constrain both s/(3) and sl{2) blocks, = 2 1^3 or = 2 SCAs come out. 
It is also known that we can obtain u{3) KB SCA by imposing constraints only on the sl{2) 



block |19, 27]. In terms of component currents, m(2|1) SCA corresponds to the reduction 
when constraints are placed only on the sl{3) block of the 5x5 s/(3|2)'^^) supermatrix of 
currents. 

In the next Subsection we show that there exists another kind of hamiltonian reduction 
of A^ = 2 s/(3|2)W with the same number 7 of constraints. It yields some nonlinear extended 
N = 2 SCA which by the same reasoning as above can be called N = 2 u{3) SCA. 



5.5 N = 2 u{3) SCA 

Using exactly the same arguments as given in previous Subsections, we can continue our 
reduction procedure. We want to construct an A^ = 2 extension of ^(3) KB SCA which 
has 16 component currents: that is, 10 bosonic currents and 6 fermionic ones. The minimal 
way to equalize the number of bosonic and fermionic currents is to add 4 extra fermionic 
currents. This implies that the number of the relevant reduction constraints should be again 
equal to 7. 
We choose 

«! = 1, «! = 0, a2 = 0,a2 = —1 (5.52) 
and list the dimensions and u{l) charges of supercurrents in Tables 12 and 13. 
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Table 13 
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We impose the following reduction constraints 
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(2') 

These constraints are a subset of those we imposed in iV = 2 case. This imphes, by 
the way, that we can produce N = 2 M^j^"* (or N = 2 W^) SCA by secondary hamihonian 
reduction starting with these seven constraints and imposing two (three) more constraints. 
As usual, the gauge fixing procedure goes in accord with the Table 12 and, as the result, we 
are left with the set of surviving currents indicated in the Table 13. 

Using the nonlinear irreducibility constraints, we may express J54 through the other 
supercurrents 



(5.54) 



and finally arrive at the following 
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(5.55) 



The remnants of the irreducibility constraints read 



V'H-2 = 
1. . \ _ „ 1 



k 





= 0, 


ii) Jn 


= 0, 




= 0, 


JnJ-iA 


= 0, 



V - J34 = 0, 



k 

1 _ _ „ 1,, \ . 1 

k 



^ - fi^) J51 - ;^ J31 J53 = 0. (5.56) 



The computation of gauge invariant supercurrents is not very hard due to the absence 
of dimension supercurrents among the surviving currents. We give the results without 
entering into details 

Jn — "iJiz — J\zJ2h ~ JviJA2 — kJ\'{DjA,^^ 
Jz\ = ^Jsi ^ J25J31 + J31J42 + kVJ'4^JJ'^i, 

Hi = ni + n2 + kvj42-kniVj45 + kvnij45-k'^Ji5, 
n2 = ni + n-2 + k'Dj25, 

J52 = J2A + k'DrL2~kvni + n{Hi + n2'H2 + Jiij4i + 

JiA = JiA — kVJ'12 — kHiDJi^ — JviJ-i2 — JnJ\hJ-i\ + 
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_ ^13^35^2 - kJuVJi^ + kVniJi5 - kVJisJs^ - kVJuJ45 - k'^Ji^, 

J34 = -Ju + kVJs2-niJ32-knif>J35-2niJi5J31 + 

"WiiTas^^ + 1/121/31 + 1/131/351/31 + 1/141/451/31 + ^1/15^^1/31 + 

1/251/34 + 1/341/42 ~ 1/341/45^2 ~ ^JTssPTig ~ ^^1/341/45 ~ k^<^35j 
J51 — —J51 + kVJ2i — 'H1J21 + H1H2J41 — TYi J31 J43 + 

kTi^T^J/ii — 1/131/311/41 — 1/231/31 + 1/251/51 — 1/411/52 + 1/421/51 + 
^ kVriiJii + kVJi5J5i + kVJ-^iJ^s + PJI^ , 

J53 = J53 - kvj23 + kn-2Vj4s + J13J21 + J13J31J43 - 

J43 J52 - kVJisJ^i - kVn-2Ji3 + A;' Jia, (5.57) 
The unconstrained N — 2 stress tensor is given by 

T = ^ Jia J31 - ^ J52 + :P:^i - 2^:^2 (5.58) 

with central charge 2A;. All the supercurrents are superprimary with respect to T. 
After rescahng 

i/i4 — 1-1/14, 1/34 — 1-1/34, 1/51 ^ r^5i, 1/53 — 71/53, (5.59) 
A; A; A; A; 

we can write down the remaining SOPEs in the following form 
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(5.60) 



7ii(Zi) 



^14(^2) 

J5l(^2) 



/.1 



35 



^53(^2) 

Ji4(^2) 

J^i{Z2) 

^14(^2) 

1/34(^2) 

^53(^2) 



2^2^/53, 

~7^fe^l3Jl4, 

_ 212-^14 _^^2 fc'T-l-^l^, 

612 'J I 6126*12 1 rov 'T _i_ '7 'T 1 

—.^53 + 2-^2 L/tic/53 + cyi3cy5ij , 

612 7" _|_ 612612 1 7" -ly. 
612612 1 7- 7- 

-St^51-^i[H,J51 + J3lJ53], 



i7l4(-^l)i734(-^2) 
i7l4('^l)i75l('^2) 



i7l4(-^l)i753(-^2) — 



J^{Zl)J5l{Z2) 



O12O12 ^ rr rr 

"T'-'14>-'34, 



Zv2 k 
^12^12 



^12 
^12^12 
^12 



A) -|- — — 2~^2 
^12 ^12 

~r - - ^^1^2 + ^ Ji3 J31 



+ — 

^12 
^ ^12 
^12 



1 



T + vn-2 + -rnin-2 

k 



k 



31 



/c A; 



^1 
^12 k 



2^(Jl3J3l) 



+ 



12fl2 



^12 



1 1 ,1 1 - 

~'~T^^13^'^2i731 + ^ (i7l3i73l) + + j'DJlzDJ^i 



^12 ^ ^12^12 

-2~^13 "I 2 

^12 ^12 

1 

+ 

^12 

^ ^12 

Zl2 



k 



k 



3 - 1 



k 



+ —\vji3H-2 
Z12 k 



--^T^iJi3T^2 



k k 



Jr. 



13 



+ 



Q^2Q 



12C12 



^12 



k k"^ k 



^2 

Z\2 



^\2 ^ ^12^12 

2~^31 + 

^\2 

1 

+ 

^12 

_|_^12 

2^12 



1 3 



^^^31 — 7^1^31 

k 



Zv2 k 



+ 



12^12 



^12 



k k 
1 1 - 1 



36 



k k k . 

-k + —k + —Hi 

^12 



+ 



^12 
^12^12 



^2 
2^12 



2;: 



12 



1 

+ — 

2^12 
^ ^12 
2:12 
6-106 



^12 



+ -vn{H-2 

k 



k k 



+ 



12^12 



2^12 



k k k 



(5.6I; 



Let us summarize the N = 2 u{3) SCA. It contains unconstrained spin 1 = 2 stress ten- 
sor T, the spin 1/2 chiral and anti-chiral supercurernts Hi and H2, the spin 1/2 supercurrents 
J7i3 and jTsi subjected to the nonhnear chirahty constraints, the spin 1 anti-chiral supercur- 
rent jTss and the spin 1 constrained supercurrents J7i4, jTsi, J734. All these supercurrents are 
bosonic (fermionic) for integer (half- integer) spin. The supercurrents Hi,H2, Jn-, J31 possess 
a closed set of SOPEs (see eqs. (|5.60| )) and form N = 2 u{2) = m(2|0) current subalgebra. 
We would like to note that in |^ an A^ = 1 superfield extension of u{3) KB SCA has been 

1 u{3) SCA of Ref. 



found. The field content of both A^ = 1 m(3) SCA of Ref. p8[ and our superalgebra is the 
same (modulo different choices of the basis for the constituent currents), but the novel point 
is that we have succeeded in arranging the relevant currents into N = 2 supermultiplets (by 
putting them into properly constrained N = 2 supercurrents) and thereby revealed N = 2 
supersymmetry of this superlagebra which was hidden in the formulation of Ref. p8 . 

Let us now consider a secondary Hamiltonian reduction of A^ = 2 ^(3) SCA to A^ = 2 



(2) 

W3 SCA. It goes as follows. With respect to the new stress tensor T^ew 



Tr 



new 



T - 2VHi - VH-2 



(5.62) 



the supercurrent Ji4^ has zero spin and m(1) charge, while the spin and u{l) charge of 1/13 
are equal, respectively, to —1/2 and —1. Thus we can impose two first-class constraints 

^14 = 1, Ji3 = 0. (5.63) 
Gauge fixing procedure for either constraints can be done as usual. So we fix the gauge by 



^1 = 0, J, 



34 







(5.64) 



Using ( |5.63|) , (|5.64|) we see that (|5.56|) is reduced to (|5.15| ). The dimensions and u{l) charges 
of the surviving supercurrents jTsi, 7-^2, JTsi, JTsa with respect to T^iew coincide with those in 
Table. 5. 

Let us come back to discussion of A^ = 2 m(3) SCA. A simple inspection of its current 
content shows that there are four spin 1/2 currents in it besides the set of 16 currents with 
higher spins. Like in the case of A^ = 2 ^(211) SCA, they can be factored out by passing to 
a new basis where they (anti) commute with the remainder of the currents. After decoupling 
of these spin 1/2 currents our N = 2 u{3) SCA reproduces u{3) KB SCA [1^, \U 
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Let us remind the current content of u{3) KB SCA. It is generated by 16 currents: 
Virasoro stress tensor Tkb, six spin 3/2 currents G^b GaKB, and nine spin 1 currents 
forming the u{3) affine current algebra, namely, u{l) current Hkb and eight 5^(3) currents 
J^'bKB with zero trace {J°'aKB = 0). Indices a, b are running from 1 to 3 and correspond to 
the fundamental 3 and its conjugate 3 representations of su{3) (for upper and lower positions, 
respectively) . 

Below we give the precise correspondence between these u{3) KB SCA currents and 
components of the original set of = 2 u{3) SCA supercurrents 
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(5.65) 



The OPEs of these currents are a particular case of OPEs of u{m\n) SCA given in Appendix 
C, eqs. ( |C.1| ), with the following correspondence 



KB 



T, H 



KB 
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b,KB 



ja 

J"'b — o^fe <^%5 G°KQ = iG"", Ga,KB = iGa, 



(5.66) 



and m = 3, n = 0. 
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It is worth to notice that G]^^,Gi^kb are related to the two fermionic components of 
hnear N = 2 superconformal stress tensor, T, through nonhnear transformations. So, two 
of six supersymmetries of u{3) KB SCA are hnearized by passing to = 2 u{3) SCA(viz., 
by adding four spin 1/2 fermionic currents), but four of them remain nonhnear. 

6 Conclusion and outlook 

In this paper we constructed N = 2 sl{n\n — l)*^^) current superalgebras and developed a 
general scheme of classical hamiltonian reduction in A^ = 2 superspace. We applied it to 
N = 2 extension of affine superalgebra s/(3|2)^^''. As the main result, we deduced some new 
extensions of A^ = 2 SCA, A^ = 2 u{2\l) and A^ = 2 u(3) SCAs. Within our scheme, these 
two new algebras turn out to be more fundamental than the previously explored N = 2 , 
N = 2 SCAs in the sense that the latter can be generated by secondary hamiltonian 
reductions from the former. The following diagram depicts basic points of our reduction 
procedure. 



A^ = 2 s/(3|2)W 




N = 2u{2\l) SCA N = 2u{3)SCA 




N = 2 lyf ^ SCA 



N = 2W^ SCA 

There are several problems to be worked out and questions which at present are open. 

Quantizing W algebras associated with arbitray embeddings of sl{2) into (super) algebras 
has been studied in [Bl]. These results were extended to A^ = 1 affine Lie superalgebras in 



superspace formalism It is interesting to see whether the quantization of our supercon- 
formal algebras can be carried out in A^ = 2 superfield formalism. 

It would be also interesting to study how N = 2 and N = 2 extensions (yet 



to be constructed) of some other reductions of s/(4) could come out in the framework of 
hamiltonian reduction applied to A^ = 2 s/(4|3)*^^'' superalgebra. 

There exist some other superalgebras which have completely fermionic simple root system 
and admit osp{l\2) principal embedding: osp{2n±l\2n) , osp{2n\2n) , osp{2n+2\2n) n > 1 and 
D{2, 1; a) a 7^ 0, —1 |3^. It is natural to apply our general procedure to these superalgebras 
and see whether they admit N = 2 superfield extensions. 

It is also rather straightforward to construct free superfield realizations for A^ = 2 u(2|l) 
and N = 2 u{3) SCAs. An interesting related problem is to understand how these latter 
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algebras reappear in the N = 2 superfield Toda and WZNW setting 0. 

It is rather exciting task to extend the techniques developed here to the = 4 case, and, 
as a first step, to regain "small" = 4 SCA within the hamiltonian reduction framework in 
a manifestly supersymmetric A^ = 4 superfield fashion. 
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Appendix A: Notations for s/(2|l) superalgebra 

The generators of s/(2|l) superalgebra in the complex basis introduced in Section 2 for 
the fundamental representation are given by 

/ ^ 
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(A.l) 



where Cartan generators ^2,^2 together with form the bosonic subalgebra sl{2) © u{l), 
while the generators t^^ti^t^^ti are fermionic roots. In this basis the structure constants of 
s/(2|l) are 
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-1, /2,l^ ' ' ' 



1, /: 
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1, A,3 



1) A,4 



and nonzero elements of Killing metric are given by 

911 = ^922 = 933 = 5'44 



1. 



(A.2) 



(A.3) 



The explicit relations between affine supercurrents J7a, J^g. in this basis and the entries J7mn 
of the s/(2|l) superlagebra valued affine supercurrent introduced in Section 3 are as follows 



Ji- 
J-i 



>Jl2, J2 
'- J21-, J2 



-Hi- 
■Hi 



>Jii, J3 - 

- J22-, J3 



Jl3i Jl — J23-, 
- J3I1 Ja = J32- 



(A.4) 



ttPor N = 2 Wri this is discussed in 
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Appendix B: Notations for s/(3|2) superalgebra 



We choose four Cartan generators ^1,^1,^2,^2 of sZ(3|2) superalgebra in the fundamental 
representation in the following form 
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1 

V y 

/ \ 
00000 
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\^ 1 y 



/ 1 \ 
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V y 

/ \ 
01000 
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V 1 y 



(B.i; 



Each of the remaining 10 unbarred generator ta,a = 3,4, ...,12 is represented by a 
5x5 supermatrix with the only non-zero entry 1 on the intersection of m-th line and 
n-th row (m = 1,2,3,4,72 > m). The barred generators ta have their nonzero entries 1 in 
the bottom triangular part. Using the explicit form of s/(3|2) generators we can find their 
(anti)commutators, taking into account their statistics (the generators with non-zero entries 
inside the diagonal 3x3 and 2x2 blocks are bosonic, all others are fermionic). In the 
complex basis, they satisfy the following graded commutators 



\ta^tb] — Fabric, \pa,th\ — FaC^c^ \pa^th) 



Fabric + F^ltc 



fB.2) 



From this we can read off all the structure constants Fab" which are 1 or —1 (remember 
that Jab^ = {—IY'^'^~^'^'''^^Fab'~^)- Killing metric g^j, is given by Str{tati) where we take usual 
convention for supertrace. Just as an example, we write down nonzero elements of g^i for 
the subset (Q 



-fi'll = 5^12 = -922 = 1- 



fB.3) 



Appendix C: u{m\n) SCAs [[24|] in terms of currents 



This algebra includes Virasoro stress tensor T, 2n spin 3/2 bosonic currents, G", Ga, 2m 
spin 3/2 fermionic currents, G^, Gb, a = m + l,m + 2, . . . ,171 + n,b = 1,2, ... ,m, {w? + in?) 
spin 1 bosonic currents, J'^d^ c,d = 1,2, ... ,m, j, e = m + l,m + 2,...,m + n, f = n + 
l,n + 2, . . . ,m + n, and 2mn spin 1 fermionic ones, J^h, J^jiQ = m + l,m + 2, . . . ,m + n,h = 
1,2, ... ,n,i = n + l,n + 2, . . . ,m + n, j = 1,2, ... ,m. The total set of (m + n)^ spin 1 
currents forms u{m\n) current algebra. Spin 3/2 currents transform under fundamental and 
conjugate representaions of u{m\n), for upper and lower positions of the indices, respectively. 
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These currents satisify the following OPEs 

1 
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Appendix D: A Different Realization of sl{n\n — 1) 

We can realize superalgebra sl{n\n — l) in a different, though equivalent way by (2n — l) x 
(2n — 1) supermatrix whose entries J'^j are related to those J'm in the standard realization 
according to the following rule 

k = 2k-lJ=2l-l if l<kj<n 

k = 2{k-n)J=2{l-n) if n<k,l<2n-l . (D.l) 
This parametrization corresponds to choosing the system of purely fermionic simple roots in 
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sl{n\n — 1). It is very convenient when studying embeddings of sl{2\l) into sl{n\n — 1): the 
former is identified with proper 3x3 blocks in the sl{n\n — 1) supermatrix 

Using this convention, the set of hamiltonian reduction constraints we dealt with in the 
s/(2|l) case can be rewritten in the following suggestive way 

/ * 1 

* * * 
\ * 1 * 

This picture shows that the constraints are concentrated in the upper triangular part of the 
supercurrent matrix, and this is true as well for the s/(3|2) constraints except for ( |5.21|) . We 
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first present the matrices of constraints for the cases of 
u(2|l) and = 2 u(3) SCAs 
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N = 2 m(2|1) 
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The supermatrices of constraints for two "noncanonical" cases described in Subsection 5.3, 
respectively with the constrained N = 2 stress tensor and/or spin supercurrents present, 
are given by 

* \ 



Jr 
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(D.7) 



WWe are grateful to F. Dclduc for explaining us the merits of this realization. 
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^constr 



/ * 1 * \ 

* 1 * * 



/ * 1 * \ 

* * 1 * 



(D.8) 



These pictures clearly demonstrate the relations between different reductons in accord 
with the diagram of Section 6. Also it is seen from them that it is natural to treat all the 
considered cases in the language of s/(2|l) embeddings. The case of = 2 corresponds 
to the principal embedding of s/(2|l) into s/(3|2) while N = 2 u{2\l) and N = 2 u{3) ones 
to two inequivalent non-principal embeddings. It would be interesting to understand from 
an analogous point of view the cases (p.4|) , ( p.7|) , ( p.8|) . It seems that in this way one could 
explain some peculiar features of them (lacking of the superprimary basis in the N = 2 
W^'^^ case, the presence of constrained N = 2 stress tensor and/or spin supercurrents in 
two remaining cases). Note that the complete classification of s/(2|l) embeddings, at the 
component level and in the string theory context, is undertaken in [^. 
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